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Preliminaries

(M™* g): (n+ 1)-dimensional closed Riemannian manifold

»" C M™L: an embedded closed hypersurface
Definition

e ¥ is a minimal hypersurface, if § Area(X) =0 < H=0;

o For a minimal hypersurface %, there exists a Jacobi operator Ls; associated to
62 Area(X%),
Ly = —As + (AP + Ric(7, 7)) ;

@ The Morse index of a minimal hypersurface X is the dimension of the maximal
subspace where Ly, is negatively definite; in particular, X is stable if index(X) = 0;

@ The minimal hypersurface X is non-degenerate if 0 is not an eigenvalue of Lx.

Note. One can obtain similar definitions for integral currents or integral varifolds.
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Existence of minimal hypersurfaces

Question: Is there a minimal hypersurface in any given Riemannian manifold (M™™!, g)?
Answer: Yes.

Theorem (E. de Giorgi, Federer-Fleming, J. Simons 60's - 70's)

If Hy(M™™1) £ 0, then there exists a minimal hypersurface %." with

dim(Sing(X)) < n—7.
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Existence of minimal hypersurfaces

Question: Is there a minimal hypersurface in any given Riemannian manifold (M™™!, g)?

Answer: Yes.

Theorem (E. de Giorgi, Federer-Fleming, J. Simons 60's - 70's)

If Hy(M™™1) £ 0, then there exists a minimal hypersurface %." with

dim(Sing(X)) < n—7.

Note.

o x € Reg(X) if x€ ¥ and there is a neighborhood x € U such that ¥ N U is a smooth
hypersurface.

e Sing(¥) = ¥\ Reg(®).

@ WLOG, we always assume that X = Reg(X).
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Existence of minimal hypersurfaces

Question: Is there a minimal hypersurface in any given Riemannian manifold (M"*!, g)?

Answer: Yes.

Theorem (E. de Giorgi, Federer-Fleming, J. Simons 60’s - 70's)

If Hy(M™™1) £ 0, then there exists a minimal hypersurface X" with

dim(Sing(X)) <n—-7.

Toy model.

Minimize area among all meridians.

GMT . s
—— there exists an area minimizer 2".
Dimension reduction . .
¥" is smooth outside a small set.
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Existence of minimal hypersurfaces

Theorem (Almgren-Pitts, Schoen-Simon ‘81)

For any given closed (M"1!, g), there exists a minimal hypersurface X" with
dim(Sing(X)) < n—7.
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Existence of minimal hypersurfaces

Theorem (Almgren-Pitts, Schoen-Simon ‘81)

For any given closed (M"1!, g), there exists a minimal hypersurface X" with
dim(Sing(X)) < n—7.

Almgren-Pitts min-max theory

Toy model:
Consider the set P of all sweepouts:
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Existence of minimal hypersurfaces

Theorem (Almgren-Pitts, Schoen-Simon ‘81)

For any given closed (M"1!, g), there exists a minimal hypersurface X" with
dim(Sing(X)) < n—7.

Almgren-Pitts min-max theory

Toy model:
Consider the set P of all sweepouts:
waa
7~ {
Dl 2,(8" Zs). il %
L) ‘
¢ i ‘ r
Define min-max width \fviway ‘

W = inf sup M(®(t)).

PEP ey

= X" realizing the min-max width.
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Existence of minimal hypersurfaces

Theorem

For 2 < n < 6, there exist co many minimal hypersurfaces.
For n > 7, this also holds for generic metrics.
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For n > 7, this also holds for generic metrics.

Remarks.
©@ Marques - Neves '15: Ric > 0;
Irie-Marques-Neves '17: Generic metrics for 2 < n < 6;
A. Song '18: Any metrics for 2 < n < 6;
L. '19: Generic metrics for n > 7 ...
@ Multiplicity one conjecture, Morse index estimates ...
X. Zhou, Marques-Neves, A. Song, D. Ketover, Y. Liokumovich, J. Zhu, Z. Liu, L., ..

@ Allen-Cahn setting: M. Guaraco, P. Garspar, O. Chodosh, C. Mantoulidis, A. Dey, R.
Caju, H. Matthiesen...

@ High codimensions: F. Almgren, Y. Tonegawa, N. Wickramasekera, D. Stern, A.
Pigati, D. Parise, ...

Yangyang Li (Princeton University) Generic regularity 2021 May 4 7/21



Outline

© Singularities

Yangyang Li (Princeton University) Generic regularity



Singularities

Simons Cone
e CsNS" = 53( ! )><53( =)
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Wf f o Cs is area-minimizing
(Bombieri-de Giorgi-Giusti '69);
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(Bombieri-de Giorgi-Giusti '69);
o dim(Sing(Cs)) =0=7—7.

Theorem (N. Smale '99)

For any n > 7, there is (N"™', g) and a homological area minimizer M" such that
Sing(M) = {2 points}.

Theorem (L. Simon '21)

In R™H(n > 71> 1), for any closed subset K C {0} x R/, there exist a metric g C*°
closed to geuq and a strictly stable minimal hypersurface %"t c (R™! g), such that

Sing ™ = K. (1)

Note. There examples suggest that singularities are inevitable in general.

Yangyang Li (Princeton University) [ 2021 May 4  9/21



Singularities

Simons Cone

e CsNS = 53( . )><53( ! s);i
o Cs is area-minimizing

(Bombieri-de Giorgi-Giusti '69);
o dim(Sing(Cs)) =0=7—7.

Theorem (N. Smale '99)

For any n > 7, there is (N"™', g) and a homological area minimizer M" such that
Sing(M) = {2 points}.

Theorem (L. Simon '21)

In R™H(n > 71> 1), for any closed subset K C {0} x R/, there exist a metric g C*°
closed to geuq and a strictly stable minimal hypersurface %"t c (R™! g), such that

Sing ™ = K. (1)

Note. There examples suggest that singularities are inevitable in general.

Yangyang Li (Princeton University) [ 2021 May 4  9/21



Outline

© Perturbation and generic regularity (Main result)
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Generic regularities

Question: Can we perturb away singularities generically? In particular, for any given N™*1
with a C*°-generic metric g, is there a smooth minimal hypersurface?
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Generic regularities

Question: Can we perturb away singularities generically? In particular, for any given N™*1
with a C*°-generic metric g, is there a smooth minimal hypersurface?

From now on, we focus on the case n+ 1 = 8. The higher dimensional cases are widely
open.

Theorem (N. Smale '93)

If H;(M®,Z) # 0, then for a generic metric g, there exists a smooth homological area
minimizer 7 in (M®, g).

The proof relies on the analysis of area-minimizing cones C" with Sing(C) = {0} by
Hardt-Simon '85.

Theorem (Hardt-Simon '85)
If E is one of the two components Ey, E_ of R™\ C, then there is an oriented connected
real analytic minimzing hypersurface S C E such that dist(S,0) = 1. Moreover,

Q V¢ € E, the ray {\¢: A > 0} NS is a transverse point;

@ Sing(S) = 0;

@ S is a graph over C outside Br(0) where R= R(C) > 0;

Q S is unique up to scaling.
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Generic regularities
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Figure: Hardt-Simon “foliation”
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“Proof” of N. Smale '93:
@ Start with (M®, go) and an area-minimizer X7,
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Generic regularities

S

Figure: Hardt-Simon “foliation”

“Proof” of N. Smale '93:
@ Start with (M®, go) and an area-minimizer X7,

@ For any p € Sing(X), using Hardt-Simon, we can concatenate £7 \ B,,(p) and
ASN B, (p) and obtain ¥ smooth.
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Generic regularities

S

Figure: Hardt-Simon “foliation”

“Proof” of N. Smale '93:
@ Start with (M®, go) and an area-minimizer X7,

@ For any p € Sing(X), using Hardt-Simon, we can concatenate £7 \ B,,(p) and
ASN B, (p) and obtain ¥ smooth.

© Finally, perturb the metric go to get g such that S is minimal in (M, g).
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Generic regularities

Theorem (Chodosh-Liokumovich-Spolaor '20)

For any metric, there exists a minimal hypersurface Y. such that
index(X) 4+ #°(Sing,,(2)) < 1.

In particular, if Ric > 0, then for a generic metric, 3 is smooth.
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Theorem (Chodosh-Liokumovich-Spolaor '20)

For any metric, there exists a minimal hypersurface Y. such that
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In particular, if Ric > 0, then for a generic metric, 3 is smooth.
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Generic regularities

Theorem (Chodosh-Liokumovich-Spolaor '20)

For any metric, there exists a minimal hypersurface Y. such that
index(X) 4+ #°(Sing,,(2)) < 1.

In particular, if Ric > 0, then for a generic metric, 3 is smooth.

Theorem (L.-Wang '20)

For a generic metric g, there is a smooth minimal hypersurface 7 C (M®, g).

Main difficulty: Hardt-Simon only works for area-minimizing cones, not for
stable but not area-minimizing cones. Thus, we need a global perturbation instead of a
local one.
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© Key ingredients in the proof
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Global perturbations

Proposition (Wang '20)

Given (M®,g), X" C M® minimal and nondegenerate, a generic function f € C>°(M) and
¢ — 0, if in each (M®, (1 + ¢if)g), there exists a minimal hypersurface ¥; satisfying that
e index(X;) = index(X),
@ X; — X in the varifold sense.

Then there exist p € Sing(X) and r, > 0, such that for infinitely many j,

Sing(%)) N B, (p) = 0.

Yangyang Li (Princeton University)
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Global perturbations

Proposition (Wang '20)

Given (M®,g), X" C M® minimal and nondegenerate, a generic function f € C>°(M) and
¢ — 0, if in each (M®, (1 + ¢if)g), there exists a minimal hypersurface ¥; satisfying that
e index(X;) = index(X),
@ X; — X in the varifold sense.

Then there exist p € Sing(X) and r, > 0, such that for infinitely many j,

Sing(%;) N By, (p) = 0.

i ——— i 1 7
7@ i

Blp G

Remarks.
@ By Schoen-Simon '81, near Reg(X), ¥ is smooth;
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Global perturbations

Proposition (Wang '20)

Given (M®,g), X" C M® minimal and nondegenerate, a generic function f € C>°(M) and
¢ — 0, if in each (M®, (1 + ¢if)g), there exists a minimal hypersurface ¥; satisfying that
e index(X;) = index(X),
@ X; — X in the varifold sense.

Then there exist p € Sing(X) and r, > 0, such that for infinitely many j,

Sing(%;) N By, (p) = 0.

Blp G

Remarks.

@ By Schoen-Simon '81, near Reg(X), ¥ is smooth;
@ Issues for induction arguments
@ Existence of ¥;7
O Near p/ € Sing(X) {p}, Sing(X;) may have more than one singular point. We need a
new invariant of ¥ instead of H(Sing).
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Uniqueness of min-max width realization

Recall

Consider the set P of all sweepouts:

Ol Z,(5, 7).

Define min-max width

— inf sup M(®(1)).
w Aut s (@(1))

= X" realizing the min-max width.
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Uniqueness of min-max width realization

Recall

Consider the set P of all sweepouts:

Ol Z,(5, 7).

Define min-max width

= inf sup M(®(1)) .
w Aut s (@(1))

= X" realizing the min-max width.

If ¥ is the unique one realizing W(g), then ¥; C (M, g;) realizing W(g;) will converge to
Y as g — &
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Uniqueness of min-max width realization

Recall

Consider the set P of all sweepouts:

Ol Z,(5, 7).

Define min-max width g )
WAL AL
W = inf sup M(®(1)). T
S

= X" realizing the min-max width.

If ¥ is the unique one realizing W(g), then ¥; C (M, g;) realizing W(g;) will converge to
Y as g — &

Unique realization holds under some technical assumptions.

Proposition (L.-Wang '20) J

Note. The proof is inspired by Chodosh-Liokumovich-Spolaor.
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Singular Capacity

Consider a set of triples
M = {(Z7, M®, g)|(M®, g) open manifold, ¥ locally stable minimal hypersurface}.
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Singular Capacity

Consider a set of triples
M = {(Z7, M®, g)|(M®, g) open manifold, ¥ locally stable minimal hypersurface}.

Definition
Define SCap : M — NU {00} satisfying

Finiteness For any nontrivial stable
minimal cone C C (R®, geuer),

1 < SCap(C, Rg,gEucl) < 00; \('Yv/

.regma(zy
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Singular Capacity

Consider a set of triples
M = {(Z7, M®, g)|(M®, g) open manifold, ¥ locally stable minimal hypersurface}.

Definition
Define SCap : M — NU {00} satisfying

Finiteness For any nontrivial stable
minimal cone C C (R®, geuer),

1 < SCap(C, Rg,gEucl) < 00; \('Yv/

Counting

0 Sing(¥) =0,

SCap(2, M, g) =
ap( & {ZpESing(E) SCap(Cp,) otherwise.
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Singular Capacity

Consider a set of triples
M = {(Z7, M®, g)|(M®, g) open manifold, ¥ locally stable minimal hypersurface}.

Definition

Define SCap : M — NU {00} satisfying

Finiteness For any nontrivial stable
minimal cone C C (R®, geuer),

1 < SCap(C, Rg,gEucl) < 00; \('Yv/

. e 81’ (2N
Counting e "a 2J
o Zpesing(z) SCap(Cp,) otherwise.

Upper semi-continuity For any U CC M,
(Eh Mvgj) - (27 M7 g) and
Y); stable, we have

SCap(%, U, g) > limsup SCap(Xj, U, gj) .

j—roo
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Outline of proof

Strategy:
@ We can start with (M®, g) and 7 C (M®, g) uniquely realizing W(g);
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@ Perturb g to obtain gj and X; uniquely realizing W(g;);
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Outline of proof

Strategy:
@ We can start with (M®, g) and 7 C (M®, g) uniquely realizing W(g);
@ Perturb g to obtain gj and X; uniquely realizing W(g;);
@ Show that 3p € 3, s.t., Sing(3;) N B,,(p) = 0, and thus for j large enough,

SCap(%)) < SCap(X);
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Outline of proof

Strategy:
@ We can start with (M®, g) and 7 C (M®, g) uniquely realizing W(g);
@ Perturb g to obtain gj and X; uniquely realizing W(g;);
@ Show that 3p € 3, s.t., Sing(3;) N B,,(p) = 0, and thus for j large enough,

SCap(%)) < SCap(X);

© Repeat step 2 and 3 to obtain a smooth minimal hypersurface.
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© Further discussion
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Further discussion

Open Questions:

@ Can the perturbation work for multi-parameter min-max minimal hypersurfaces in
dimension 87

@ How about higher dimensions?
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Further discussion

Open Questions:

@ Can the perturbation work for multi-parameter min-max minimal hypersurfaces in
dimension 87

@ How about higher dimensions?

For the first question, it seems possible, if we can generalize a structure theorem by Brian
White to singular minimal hypersurfaces.

Theorem (B. White '91) J

For generic metrics, smooth minimal hypersurfaces are non-degenerate.
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Further discussion

Open Questions:

@ Can the perturbation work for multi-parameter min-max minimal hypersurfaces in
dimension 87

@ How about higher dimensions?

For the first question, it seems possible, if we can generalize a structure theorem by Brian
White to singular minimal hypersurfaces.

For generic metrics, smooth minimal hypersurfaces are non-degenerate.

Theorem (B. White '91) J

A recent work by Nick Edelen has made an important step towards it in some
perspective, but more work needs to be done.

Theorem (N. Edelen '21)

In a closed (N®, g), the number of diffeomorphism classes of minimal hypersurfaces of
bounded area and Morse index is finite.
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Further discussion

Open Questions:

@ Can the perturbation work for multi-parameter min-max minimal hypersurfaces in
dimension 87

@ How about higher dimensions?

For the first question, it seems possible, if we can generalize a structure theorem by Brian
White to singular minimal hypersurfaces.

Theorem (B. White '91) J

For generic metrics, smooth minimal hypersurfaces are non-degenerate.

A recent work by Nick Edelen has made an important step towards it in some
perspective, but more work needs to be done.

Theorem (N. Edelen '21)

In a closed (N®, g), the number of diffeomorphism classes of minimal hypersurfaces of
bounded area and Morse index is finite.

The second one seems beyond our reach so far, since not so much is known about
singular sets except isolated singular points.
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Thank you

Generic regularity
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